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Strong exact Borel subalgebras and strong 2-subalgebras are shown to exist for
quasi-hereditary algebras which possess exact Borel subalgebras and 2-subalgebras.
This implies that the algebras associated with blocks of category O have strong
exact Borel subalgebras and strong 2-subalgebras. The structure of these sub-
algebras is shown to be closely related to abstract KazhdanLusztig theory. The
main technical tool in this paper is a construction which has an exact Borel sub-
algebras (of a given quasi-hereditary algebra) as input and a strong exact Borel
subalgebra as output. From this result, Morita invariance of the existence of exact
Borel subalgebras is derived.  1999 Academic Press
1. INTRODUCTION
The motivation for studying strong exact Borel subalgebras of quasi-
hereditary algebras comes from Lie theory, thus we start by shortly listing
some of the relevant features of Lie theory, in particular those which we
want to transfer to associative algebras.
Let g be a finite-dimensional semisimple complex Lie algebras. Fix a
Cartan decomposition g=n+ hn& . The Lie algebra b+ :=n+h is
by definition a Borel subalgebra of g. This Borel subalgebra b+ is a solvable
Lie algebra. The theorem of Poincare , Birkhoff, and Witt implies that the
universal enveloping algebra U(g) is a free right module over U(b+), hence
tensor induction U(g)U(b+)& is an exact functor. For each weight * # h*
there is a one-dimensional simple b+ -module C* on which h acts via *.
Inducing this module defines the Verma module 2(*) :=U(g)U(b+) C* of
highest weight *. This Verma module 2(*) has a unique simple quotient
module L(*) and each simple highest weight module is a quotient of a
Verma module. Character theory of g is the problem to determine the
dimensions of the weight spaces of simple highest weight modules or equiv-
alently to determine the (finitely many) simple composition factors of a
Verma module 2(*). This problem is solved by KazhdanLusztig conjec-
ture (which is a theorem, see [4, 7]).
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For simply connected, connected semisimple algebraic groups over an
algebraically closed field there are similar notions of Borel subgroups, Weyl
modules (analogous to Verma modules), and Lusztig conjecture (which is
still not fully proved, but see [3]).
Results of Cline, Parshall, and Scott show that one can study objects
such as Verma modules or Weyl modules and problems such as character
theory inside the framework of quasi-hereditary algebras which are finite-
dimensional associative algebras. However, in the framework of quasi-
hereditary algebras up to now there was no substitute for Borel sub-
algebras or Borel subgroups. The strong exact Borel subalgebras studied in
this paper are designed to play this role.
A strong exact Borel subalgebra B of a quasi-hereditary algebra (A, )
is a subalgebra of A which contains a maximal semisimple subalgebra S(A)
of A and has the property that tensor induction AB& is exact and sends
a simple B-module L(B, i) to the Weyl module 2(A, i). The algebra (B, )
is directed, which means quasi-hereditary with simple Weyl modules (this
property is in analogy to solvability of the Lie algebra b+).
One of our main results is the existence of strong exact Borel subalgebras
(and strong 2-subalgebras which play a role dual to that of strong exact
Borel subalgebras) for a class of quasi-hereditary algebras which is of
particular interest in the applications to Lie theory:
Theorem. Let (A, ) be an algebra associated with a block of category
O of a finite-dimensional semisimple complex Lie algebra. Then (A, ) has
a strong exact Borel subalgebra and a strong 2-subalgebra.
In fact, our proof works in another important situation as well,
provided an additional assumption is satisfied. Let (A, ) be a generalized
Schur algebra associated with a semisimple algebraic group over an
algebraically closed field. Assume that (A, ) has an exact Borel sub-
algebra. Then (A, ) has a strong exact Borel subalgebra and a strong
2-subalgebra.
For blocks of category O the existence of exact Borel subalgebras is guaran-
teed by our previous result in [19]. For generalized Schur algebras, however,
the existence of an exact Borel subalgebra is an open problem. A positive
answer is known for many examples, but not in general (despite two published
‘‘proofs’’, in the Appendix of [19] and in [18], which contain gaps).
If (A, ) has a duality (which is satisfied in all applications which we
consider) then such a strong exact Borel subalgebra, B, if it exists, fully
encodes the character theory of (A, ). Thus one can formulate character
theory in terms of strong exact Borel subalgebras.
The validity of the KazhdanLusztig and the Lusztig conjecture respec-
tively leads to the following description of these subalgebras (which is not
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true for Schur algebras without the Lusztig conjecture, since one can get
back the assertion of the conjecture from this description).
Theorem. Let (A, ) be as above an algebra to a block of category O
or a generalized Schur algebras for which the Lusztig conjecture is valid and
which has an exact Borel subalgebra. Then the following two assertions are
true:
(a) The basic algebra (A , ) of (A, ) has a presentation by quiver
and relations such that the subalgebra A ( A ) which is generated by the ver-
tices and the arrows i  j with j>i is a strong exact Borel subalgebra of
(A , ).
(b) The basic algebra (A , n) of (a, ) has a presentation by quiver
and relations such that the subalgebra A ( a ) which is generated by the ver-
tices and the arrows i  j with j<i is a strong 2-subalgebra of (A , ).
The organization of this paper is as follows:
In Section 2 we fix notation and recall definitions from the theory of
quasi-hereditary algebras. In Section 3 we give the definitions of the sub-
algebras we are studying and recall the existence results from [19].
Section 4 collects the characterizations proved in [19]. These results are
used in the following, but they also illustrate several properties of strong
exact Borel subalgebras. Section 5 is the center of the paper: it contains a
construction of strong exact Borel subalgebras under the assumption of
existence of exact Borel subalgebras. Section 6 gives the application to
KazhdanLusztig theory. In Section 7 we discuss some examples.
2. QUASI-HEREDITARY ALGEBRAS
We begin by fixing some notation. Unless explicitly mentioned other-
wise, the word algebra will mean a finite-dimensional associative algebra
over a fixed algebraically closed field k. All modules will be finitely
generated left modules. The isomorphism classes of simple A-modules will
be called weights of A. If [L(1), ..., L(m)] is a fixed complete set of repre-
sentatives of the weights, then also the indices 1, ..., m will be called
weights. If P is an indecomposable projective A-module, which maps onto
L(i), then P is said to have weight i or weight L(i). Sometimes, P then will
be denoted A(i).
Quasi-hereditary algebras have been defined by Cline, Parshall, and
Scott.
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Definition 2.1 [8, 25]. Let A be an algebra ad let J be a two-sided
ideal of A. Then J is called a heredity ideal of A, if and only if the following
three conditions are satisfied:
(I) the ideal J is projective as a left A-module;
(II) the ideal J is idempotent, i.e., there exists an idempotent e=e2
in A, such that J=AeA;
(III) the product J } rad(A) } J equals 0.
The algebra A is called quasi-hereditary if and only if there exists (for
some n # N) a chain of two-sided ideals 0=Jn /Jn&1 / } } } /J0=A such
that for each i with 0in&1 the quotient ideal Ji Ji+1 is a heredity
ideal in the quotient algebra AJi+1 . The chain of ideals then is called a
heredity chain or a heredity sequence.
Each heredity sequence induces a partial order on the set of weights of
A in the following way: If L(i) and L( j) represent two weights, then
L(i)>L( j) if and only if there exists an ideal Jl in the heredity chain, such
that there is a non-zero map from the A-module AJl to L( j), but no non-
zero map from AJl to L(i). The set of weights of A together with this order
will be called the ( partially) ordered set of weights of the algebra A.
Since in general heredity chains for quasi-hereditary algebras are by no
means unique, we will always view a quasi-hereditary algebra as a pair
(A, ), that is, as an algebra A together with a partial order on the set of
weights of A (this fixes the heredity chain).
For detailed accounts on quasi-hereditary algebras and for collections of
examples, the reader is referred to [23] and also to [12].
One of the most important properties of quasi-hereditary algebras is the
connection to highest weight categories discovered by Cline, Parshall, and
Scott [8]. The following definitions are taken from this context.
Definition 2.2 [8]. Let (A, ) be a quasi-hereditary algebra. For
each weight i, we fix an indecomposable projective A-module P of weight
i. Let Q be the submodule of P, which is generated by the images of all
A-homomorphisms ,: P  P, where P is indecomposable projective of
weight strictly larger than i. Then the Weyl module of weight i is defined as
2(i) :=PQ.
The Weyl module 2(i) is the largest quotient of P such that all composi-
tion factors L( j) of 2(i) satisfy ji; there is one and only one composition
factor (namely the unique top composition factor) with j=i.
Definition 2.3. A module M is said to have a 2-good filtration (or shorter:
to be a 2-good module) if and only if there are an integer n and a finite
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chain of submodules 0=M0 /M1 / } } } /Mn&1 /Mn=M such that each
subquotient Mj+1+Mj (0 j<n) is isomorphic to a Weyl module.
Dually, co-Weyl modules {(i) and {-good filtrations are defined. Projec-
tive modules over quasi-hereditary algebras have 2-good filtrations;
injective modules over quasi-hereditary algebras have {-good filtrations.
For a given algebra A there may be many different partial orders of the
set of weights leading to quasi-heredity with the same Weyl modules and
the same co-Weyl modules. In all what follows it will not make any dif-
ference (except of notation) which one of these partial orders we use; two
such orders will be called equivalent. Each equivalence class of partial
orders contains a natural partial order coming from the context of highest,
weight categories, and also a total order. To simplify notation it will be
sometimes convenient to use the equivalent total order instead of the given
partial order. This in particular allows us to assume that the length n of a
heredity chain of (A, ) coincides with the number of weights of A.
3. EXACT BOREL SUBALGEBRAS AND 2-SUBALGEBRAS OF
QUASI-HEREDITARY ALGEBRAS
Since we are working over an algebraically closed field k, Wedderburn’s
factor theorem gives us the existence of a semisimple subalgebra S(A) for
each finite-dimensional algebra A over k such that S(A)&Arad(A). Thus
there is a vector space decomposition A&S(A)rad(A).
Definition 3.1 [19]. Let (A, ) be a quasi-hereditary algebra with
partially ordered set of weights [1, ..., n]. Let B be a subalgebra of A (both
algebras have the same unit element). Then B is called an exact Borel sub-
algebra of (A, ) if and only if there exists a bijection between the set of
weights of B and the set of weights of A such that the following conditions
are satisfied:
(D) the algebra (B, ) is directed (i.e., quasihereditary with simple
Weyl modules and injective co-Weyl modules) with respect to the partial
order  induced from the partial order of the set of weights of A;
(T) tensor induction AB & is an exact functor; thus A is projective
as a right B-module;
(W) for each i with iin there is an isomorphism of A-modules
AB L(B, i)&2(A, i).
The algebra B is called a strong exact Borel subalgebra of (A, ) if and
only if both the following condition (S) and the above conditions (T) and
(W) are satisfied.
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(S) There is a maximal semisimple subalgebra S(A) of A which is
also a maximal semisimple subalgebra of B; thus simple A-modules and
simple B-modules can (and will) be identified.
The ordering condition in the definition of quasi-heredity implies that a
strong exact Borel subalgebra always is directed, hence it is also an exact,
Borel subalgebra. For basic algebras (A, ) both notions of exact and
strong exact Borel subalgebra coincide.
There are quasi-hereditary algebras (even algebras of global dimension 2,
see [19]) which do not possess exact Borel subalgebras. Actually, quasi-
hereditary algebras having exact Borel subalgebras seem to be much closer
connected to Lie theory than quasi-hereditary algebras in general. The
main problem in the theory of exact and strong exact Borel subalgebra is
to show their existence for the important classes of quasi-hereditary
algebras which are related to Lie theory.
Closely related to exact Borel subalgebras are 2-subalgebras which are
defined as follows:
Definition 3.2 [19]. Let (A, ) be a quasi-hereditary algebra and C
a subalgebra of A, having the same number of weights. Suppose the
weights of C are identified (via a certain bijection) with the weights of A,
and the set of weights of C in this way is made into a partially ordered set.
Suppose that (C, ) is directed (i.e., (C, ) is quasi-hereditary with pro-
jective Weyl modules). Suppose that for each weight the projective A-
module AC C(i) (where C(i) is an indecomposable projective C-module
associated to the weight i) decomposes into a direct sum of exactly one copy
of A(i) (which is indecomposable projective of weight i) and a (possibly
zero) sum of indecomposable projective A-modules having weights different
from i. Fix for each weight i an epimorphism of A-modules }(i):
AC C(i)  2(A, i).
Then C is called a 2-subalgebra of (A, ) if and only if for each
weight i the restriction of }(i) to C(i)/AC C(i) is an isomorphism (of
C-modules):
}(i)|C(i) : C(i) w
& 2(A, i).
If, in addition, C contains a maximal semisimple subalgebra of A, then
C is called a strong 2-subalgebra of (A, ).
The following result gives the connection between exact Borel sub-
algebras and 2-subalgebras. It is a consequence of Theorem 4.1 below.
Theorem 3.1 [19]. Let (A, ) be a quasi-hereditary algebra and B a
subalgebra of A. Suppose the set of weights of B is identified (via a certain
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bijection) with the set of weights of A and thus made into a partially ordered
set.
The algebra B is an exact Borel subalgebra of (A, ) if and only if its
opposite algebra Bop is a 2-subalgebra of (Aop, ).
The algebra B is a strong exact Borel subalgebra of (A, ) if and only if
its opposite algebra Bop is a strong 2-subalgebra of (Aop, ).
In the applications, the connection is even closer:
Proposition 3.2 [19]. Let (A, ) be a quasi-hereditary algebra. Sup-
pose there is an antiautomorphisms :: A  A which is an involution, :2=idA ,
and which fixes pointwise a complete set of primitive idempotents of A. Let
B be a subalgebra of A. Then B is an exact Borel subalgebra of (A, ) if
and only if the subalgebra C :=:(B) is a 2-subalgebra of (A, ).
Both the generalized Schur algebras and the algebras to blocks of
category O admit such automorphisms. Thus for these quasi-hereditary
algebras, existence of exact Borel subalgebras implies existence of 2-sub-
algebras and vice versa.
Now we discuss the question of existence of exact Borel subalgebras. In
general, a quasi-hereditary algebra need not have an exact Borel sub-
algebra (for examples see [19]). However, many of the quasi-hereditary
algebras which are of interest in Lie theory do have exact Borel sub-
algebras.
For definitions and more information on category O of a finite-dimen-
sional semisimple complex Lie algebra g and on generalized Schur algebras
associated to a semisimple algebraic group G, the reader is referred to [5,
11, 14, 15, 22]. A proof of Theorem 3.3 can be found in [19].
Theorem 3.3 [19]. Let (A, ) be the quasi-hereditary algebra (con-
structed in [5]) to a block of category O of a finite-dimensional semisimple
complex Lie algebra. Then it has an exact Borel subalgebra B and a 2-sub-
algebra C. Moreover, these subalgebras B and C can be chosen to be basic
in such a way that their intersection S=B & C is a maximal semisimple
subalgebra for both B and C.
Usually, the algebra A in the theorem is not basic, hence its basic
subalgebra B is not a strong exact Borel subalgebra of (A, ).
The proof of the theorem is by explicit construction which goes as
follows: Fix a block of category O and its set of weights I. Bernstein,
Gelfand and Gelfand constructed in [5] projective objects P(i) for each
i # I such that the following is true: The object P(i) lies in this block, it
maps onto the simple object L(i) (but P(i) need not be indecomposable),
it is generated by a vector p(i) which lies in the weight space P(i) i and for
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each object M in this block, there is an isomorphism ,: HomU(g)(P(i), M)Mi
which maps a homomorphism . to the element .( p(i)) in the weight space
Mi . The algebra A is by definition the endomorphism ring of the sum
i # I P(i). Each projective module P(i) maps onto the Verma module 2(i),
which is free of rank one over the algebra U(n&). Hence the projection
splits, if considered as a U(n&)-module, and there is a decomposition
P(i)=M(i)rest(i) of U(n&)-modules, where M(i) is the free U(n&)-
module which is generated by the vector p(i).
Now we can define the 2-subalgebra C of (A, ) as follows:
C := 
i, j # I
[, # HomU(g)(P(i), P( j): ,( p(i)) # M( j))].
Because of the duality on O and Proposition 3.2 we also get an exact
Borel subalgebra.
Many examples of generalized Schur algebras have been checked to pos-
sess exact Borel subalgebras and 2-subalgebras. But a general existence
result is still missing.
4. CHARACTERIZATIONS
In this section we list several methods to decide whether a given
subalgebra B of a quasi-hereditary algebra (A, ) is an exact Borel
subalgebra. We also give some consequences and applications of these
characterizations. Proofs can be found in [1921]. The first and the second
characterization are used in the proofs of the existence results such as
Theorem 3.3.
The first characterization is in terms of co-Weyl modules.
Theorem 4.1 [19]. Let (A, ) be a quasi-hereditary algebra and let B
be a subalgebra of A. Suppose the weights of B are identified (via a certain
bijection) with the weights of A, and the set of weights of B in this way is
made into a partially ordered set. Then B is an exact Borel subalgebra of
(A, ) if and only if (B, ) is directed (i.e., quasi-hereditary with simple
Weyl modules) and the following condition is satisfied:
(+) For each weight i, restriction from A-modules to B-modules gives
an isomorphism of B-modules: {(A, i)&{(B, i).
A subalgebra B of A is a strong exact Borel subalgebra of (A, ) if
and only if it contains a maximal semisimple subalgebra of A and satisfies
condition (+).
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The second characterization is in terms of composition multiplicities and
intersection of certain ideals:
Theorem 4.2 [19]. Let (A, ) be a quasi-hereditary algebra and B a
subalgebra of A, having the same partially ordered set of weights of A. Sup-
pose that (B, ) is directed and denote its heredity chain (of maximal
length) by 0/Jn(B)/ } } } /J1(B)=B and the induced chain of submodules
of A by Ji (A)=AJi (B). Then B is an exact Borel subalgebra of (A, )
if and only if the following conditions are satisfied:
(C) for all weights i and j : [B(i): L(B, j)]=[(AB B(i)): 2(A, j)];
(CC) for all weights i : Ji (A) & B=Ji (B).
Moreover, if these conditions are satisfied, the left modules Ji (A) are
two-sided ideals in A and define a heredity chain 0/Jn(A)/ } } } /
J0(A)=A of (A, ).
If B is a subalgebra of A which contains a maximal semisimple subalgebra
S(A) of A, then B is a strong exact Borel subalgebra if and only if it satisfies
the conditions (C) and (CC).
Now we list consequences of these characterizations.
Corollary 4.3 [19]. Let (A, ) be a quasi-hereditary algebra.
If (A, ) has a strong exact Borel subalgebra B, then any quasi-hereditary
algebra which is Morita equivalent to (A, ) has a strong exact Borel sub-
algebra which is Morita equivalent to B.
If (A, ) has a strong 2-subalgebra C, then any quasi-hereditary algebra
which is Morita equivalent to (A, ) has a strong 2-subalgebra which is
Morita equivalent to C.
Corollary 4.4 [19]. Let (A, ) be a quasi-hereditary algebra with
exact Borel subalgebra B and minimal heredity ideal J. Then B & J is a
heredity ideal of B and B(B & J) is an exact Borel subalgebra of (AJ, )
(where the order  on the quotient algebra AJ is the one inherited from A).
Corollary 4.5 [19]. Let (A, ) be a quasi-hereditary algebra with
exact Borel subalgebra B and e an idempotent in B which is (in B) equivalent
to 1 (i.e., contains a primitive idempotent of each weight). Then the
quasi-hereditary endomorphism algebra (e } A } e, ) is Morita equivalent to
(A, ) and e } B } e is an exact Borel subalgebra of (e } A } e, ).
The third characterization is in terms of the multiplicative structure of
the algebra A. It bears some similarity to triangular decomposition of a
finite-dimensional semisimple complex Lie algebra g and the resulting
decomposition of the universal enveloping algebra U(g).
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Theorem 4.6 [20]. Let (A, ) be an algebra with subalgebras B and C.
Suppose B and C are basic and their intersection S=B & C is a maximal
semisimple subalgebra of both B and C. Suppose there are bijections identify-
ing the sets of weights of A and of S. Suppose moreover that there is a partial
order  defined on all these sets of weights such that (B, ) and (C, ) are
directed algebras. Then the following two statements are equivalent:
(I) The algebra (A, ) is quasi-hereditary, the algebra B is an exact
Borel subalgebra of (A, ), and the algebra C is a 2-subalgebra of (A, ).
(II) The multiplication in A induces an isomorphism
CCS BB & CAB
of left C-modules and right B-modules.
We mention some consequences (see [20, 21]) for the structure of a
quasi-hereditary algebra (A, ) satisfying these conditions:
Using bases of B and of C one can define a basis B of A which consists
of elements cb where c is in C and b is in B. Moreover, this basis can
be chosen in such a way that subsets of this basis give bases of the ideals
in a heredity chain of (A, ).
In the situation of Theorem 6.1 below, this basis becomes especially easy.
Then one can also find particularly nice relations for the algebra A.
If A is a basic algebra one can use the basis B of A in order to deform
A into another algebra A0 which also satisfies the conditions of the
theorem (where the algebras B and C are the same as for A), but in addi-
tion has an ‘‘easier’’ multiplication in the following sense: For all elements
b # rad(B) and c # rad(C) the product b } c is 0 in A0 . In particular, one can
write down a complete set of relations of A0 if one knows complete sets of
relations of B and of C.
The deformed algebra A0 has the further advantage that all its simple
modules possess BGG-resolutions, i.e., finite resolutions by finite direct
sums of Weyl modules (for an algebra A to category O usually most simple
modules do not possess BGG-resolutions).
5. EXISTENCE OF STRONG EXACT BOREL SUBALGEBRAS
The main problem considered in this paper is the existence of strong
exact Borel subalgebras for the quasi-hereditary algebras associated with
category O and also for the generalized Schur algebras under the assump-
tion that they have exact Borel subalgebras. Let (A, ) be such a quasi-
hereditary algebra with an exact Borel subalgebra B. We know that we can
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assume without loss of generality (by using Morita equivalence, see
Corollary 4.5) that B is a basic algebra. However we are not allowed to
assume A to be basic. Moreover we know (by Proposition 3.2) that (A, )
has a 2-subalgebra C which also is basic such that the intersection
S=B & C is a maximal semisimple subalgebra of both B and C. We may
choose a maximal semisimple subalgebra S(A) of A such that S(A) con-
tains S. Thus we are in the situation of the following main theorem and its
first corollary.
Theorem 5.1. Let (A, ) be a quasi-hereditary algebra and B an exact
Borel subalgebra of (A, ) such that B is basic. Suppose S is a maximal
semisimple subalgebra of B. Then there is a maximal semisimple subalgebra
S(A) of A which contains S such that the following assertion holds true. Let
Bs be the subalgebra of A which is generated by B and S(A).
Then Bs is a strong exact Borel subalgebra of (A, ).
The semisimple subalgebra S(A) will be defined explicitly in the course
of the proof.
Using Theorem 3.1 we get the following consequence.
Corollary 5.2. Let (A, ) be a quasi-hereditary algebra and C a
2-subalgebra of (A, ) such that C is basic. Suppose S is a maximal semi-
simple subalgebra of C and S(A) is a maximal semisimple subalgebra of A
such that S is contained in S(A). Let Cs be the subalgebra of A which is
generated by C and S(A).
Then Cs is a strong 2-subalgebra of (A, ).
Another consequence of the theorem and Corollaries 4.3 and 4.5 is
Morita invariance. Here, two quasi-hereditary algebras (A, ) and (A , )
are called Morita equivalent if and only if A is Morita equivalent to A and
the partial order on the set of weights of A is induced from the partial
order on the set of weights of A.
Corollary 5.3. Let (A, ) be a quasi-hereditary algebra and (A , ) a
quasi-hereditary algebra which is Morita equivalent to (A, ).
If (A, ) has an exact Borel subalgebra, then also (A , ) has an exact
Borel subalgebra.
If (A, ) has a 2-subalgebra, then also (A , ) has a 2-subalgebra.
The proof of the theorem runs over all subsections of this section. The
first step is to show that under the assumptions of the theorem, each
indecomposable projective A-module A(i) can be written as induced
module AB M(i) for a particular B-module M(i). This is used in the next
step to define a presentation for the basic algebra B by quiver and relations
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which have particularly nice properties. In the last step this presentation is
used to count the composition factors of the indecomposable projective
Bs -modules. This implies the theorem by applying the characterizations 4.1
and 4.2.
By the results of [19] (see 3.3) Theorem 5.1 has the following conse-
quence which has been the main motivation for proving this theorem.
Corollary 5.4. Let g be a finite-dimensional semisimple complex Lie
algebra. Let (A, ) be an algebra associated with a block of category O of
g. Then the quasi-hereditary algebra (A, ) has a strong exact Borel sub-
algebra B and a 2-subalgebra C such that the intersection S=B & C is a
maximal semisimple subalgebra of A.
For generalized Schur algebras, a similar statement is true as soon as the
existence of an exact Borel subalgebra is guaranteed.
5.1. Indecomposable Projective A-Modules as Induced Modules
The following proposition is the main technical result in the proof of
Theorem 5.1.
Proposition 5.5. Let (A, ) be a quasi-hereditary algebra with an
exact Borel subalgebra B. Assume that B is basic with maximal semisimple
subalgebra S. Let i be a weight and ei a primitive idempotent in S associated
to the weight i.
(a) The projective A-module AB B } ei=A } ei decomposes into a
direct sum PQ where P&A(i) is indecomposable of weight i and the
indecomposable direct summands of Q have weights strictly larger than i.
(b) For each weight j, the simple A-module L(A, j) has as a B-module
a simple socle L(B, j), and all B-composition factors of L(A, i)L(B, j) have
weights strictly smaller than i.
(c) Fix a decomposition AB B } ei=A(i)Q as in (a) and denote by
.: AB B } ei  A(i) the corresponding projection onto the first direct sum-
mand. Let : B } ei ww
b [ 1b AB B } e i  A(i) be the composition of . and the
canonical embedding of B(i) :=B } ei into A } ei . This map  is a
homomorphism of B-modules. Denote the kernel of  by B>(i) and its image
by B=(i). Hence there is an exact sequence of B-modules
0  B>(i)  B(i) w B=(i)  0.
Inducing this sequence leads to an exact sequence of A-modules and to a
commutative diagram
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0 B>(i) B(i)  B=(i) 0
0 wwAB B>(i) wwAB B(i) ww
 AB B=(i) ww 0
Here the vertical maps all have the form b [ 1b.
The exact sequence of A-modules in the second row of the diagram splits
in such a way that there are isomorphisms AB B>(i)&Q and
AB B=(i)&A(i).
Proof. Part (a) immediately follows from the defining properties of the
exact Borel subalgebra B.
To prove part (b) we use Theorem 4.1 which states that {(A, j) as a
B-module is isomorphic to {(B, j). Now the B-module {(B, j) is indecom-
posable injective and (B, ) is directed. Thus {(B, j) has unique simple
socle L(B, j) and all other composition factors have strictly smaller
weights. Since L(A, j) is contained in {(A, j), the assertion of part (b)
follows.
In part (c) we only have to prove that the induced exact sequence of
A-modules splits and that the required isomorphisms exist. It is enough to
prove the existence of an isomorphism AB B=(i)&A(i). Corollary 4.4
shows that we can proceed by induction on the number of weights of A.
If this number is one, all assertions in the proposition are obviously true.
Assume now that A is not simple. Then there exists a nontrivial heredity
ideal J(A) associated to a maximal weight m of (A, ). The B-ideal
J(B) :=J(A) & B is (by Theorem 4.2) a minimal heredity ideal (associated
to the weight m) of (B, ). If the given weight i equals m, then the asser-
tions are obviously true (by part (a)). Thus we can assume that i is dif-
ferent from m. By definition of B=(i), the projection AB B(i)  A(i) fac-
tors via AB B=(i), hence it suffices to show that the modules AB B=(i)
and A(i) both have the same dimension.
In order to apply the induction hypothesis we use the following com-
mutative diagram:
B(i) AB B(i)
. A(i)
(BJ(B))(i)/ww(AJ(A))BJ(B) (BJ(B))(i) ww(AJ(A))(i)
Here the vertical maps are defined by the obvious projections.
We know that J(A) & B=J(B) is a semisimple left B-module, in par-
ticular B=(i) is an extension of the form
0  L(B, m) l  B=(i)  (BJ(B))= (i)  0
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(for an l # N0). Thus by induction and by using the above commutative
diagram it is enough to show that the number l equals the multiplicity
l :=[A(i): 2(A, m)]. Now part (b) implies that the B-module 2(A, m) con-
tains exactly one composition factor L(B, m) and also that J(B) contains
all composition factors L(B, m) of the B-module BA. By definition, l equals
the multiplicity of L(A, m) in A(i) & J(A). Hence l equals l. K
Corollary 5.6. Let (A, ) be quasi-hereditary with exact Borel sub-
algebra B. Then each projective A-module is an induced module.
5.2. A presentation of B
In the situation of the previous Proposition 5.5 we define now a presen-
tation by quiver and relations of the basic algebra B. Fix any weight i. In
the following diagram all maps are the canonical projections respectively
inclusions:
0 w B>(i) rad(B(i)) rad(B=(i)) 0
0 w kernelwrad(B(i))rad2(B(i))wrad(B=(i))rad2(B=(i)) w0
Now we define a quiver for B. As vertices we choose the fixed idempotents
ei in S. For fixed weight i we choose the arrows starting in i in the follow-
ing way. Choose a basis of rad(B=(i))rad2(B=(i)) and lift the elements of
this basis to elements, say ;1 , ..., ;l , of rad(B(i)).
We need to slightly modify this basis as a result of the following discus-
sion: First, we note that the projection AB B(i)  AB B=(i) sends the
arrows ;1 , ..., ; l to elements of rad(AB B=(i)). Since 2-good filtrations of
AB B(i) correspond to composition series of B(i), we can find a sub-
module Y(i) such that the projection :: AB B(i)  AB (B(i)Y(i)) is the
maximal projection from AB B(i) onto a direct sum of Weyl modules.
Compose : with another projection ; sending each Weyl module to its
unique top composition factor. The image of :; is a semisimple A-module,
say M. The image of B(i) under the :; is precisely the B-socle of the
module M (use the argument in the proof of 5.6(b)). Moreover, this image
as a k-vector space is already generated by the image of the idempotent
generating B(i) together with images of elements in B>(i) (since all but one
direct summand in M comes from AB B>(i)). Hence we can assume (by
adding suitable elements from B>(i)) that all the arrows ;1 , ..., ;l are
elements of rad(A).
After this modification, the arrows ;1 , ..., ;l are now fixed. Next we find
elements ;l+1 , ..., ;m in rad(B(i)) & B>(i) such that ;1 , ..., ;m are linearly
independent and that their images in rad(B(i))rad2(B(i)) form a basis.
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Each ;j (for j=1, ..., m) defines an arrow starting in the vertex i. All these
arrows together define the quiver we will work with. Obviously there exists
a presentation of B by this quiver and certain relations (which we do not
have to give explicitly).
We will study the behaviour of the arrows in this quiver as elements of
A. This motivates the following definition.
Definition 5.1. Let A be an algebra and B a subalgebra of A. Assume
that B is basic and given by a quiver and relations. Let ; be an element of
B which is an arrow in this quiver. Then ; is called a 0-arrow if it is not
contained in rad(A). The element ; is called an n-arrow for a number n # N
if ; is contained in radn(A), but not in radn+1(A).
One reason for the above choice of the presentation of B is the next
lemma.
Lemma 5.7. Let (A, ) and B be as in the theorem and choose the above
presentation of B. Fix a weight i and an arrow ; which starts in i. Then ;
is a 0-arrow if and only if ; lies in B>(i).
Proof. By construction, the arrows which are not in B>(i) cannot be
0-arrows.
To prove the converse we first consider the case that i is maximal. Then
the assertion is trivial since B>(i) is zero. Assume now that B>(i) is not
zero. Let ;1 , ..., ;m be the arrows which start in i and lie in B>(i). Assume
that ;1 , ..., ; l are the 0-arrows among these arrows. All these arrows
together define an epimorphism of B-modules
.=(;1 , ..., ;m)=
j>i
B( j)nj  B>(i)
(for certain numbers nj # N0). Tensor induction produces an epimorphism
of A-modules
1.(1;1 , ..., 1;m) : 
j>i
AB B( j)nj  AB B>(i).
The splitting of the inclusion AB B>(i)  AB B(i) shows that already
(1;1 , ..., 1;l) must be surjective. By exactness of tensor induction it
follows that also (;1 , ..., ;l) must be surjective. Hence the choice of the
arrows ;1 , ..., ;m implies that l equals m. K
At this point we can choose the maximal semisimple subalgebra S(A) of
A occuring in the statement of the theorem. It is required to contain the
fixed maximal semisimple subalgebra S of B and moreover to contain all
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0-arrows. Such an algebra S(A) exists for the following reason: Proposi-
tion 5.6 fixes a decomposition of A as left A-module into indecomposable
projective modules. The algebra S is generated by the identity maps on cer-
tain sums of these indecomposable modules, and the 0-arrows are certain
projections on those summands. Hence the maximal semisimple subalgebra
associated with this decomposition contains both S and all 0-arrows.
In Section 7 we give an example of a Schur algebra where 2-arrows really
occur.
5.3. The Number of Composition Factors of Bs
In order to apply Theorem 4.2 we need to know the number of composi-
tion of composition factors of the indecomposable projective modules of
the algebra Bs . We will show that for each weight i the length of Bs(i) coin-
cides with the k-dimension of B=(i). This will imply Theorem 5.1.
Lemma 5.8. Let (A, ), S(A), B, and Bs be as before. Then the follow-
ing assertions are true:
(a) The algebra S(A) is a maximal semisimple subalgebra of Bs .
(b) The intersection Bs & rad(A) equals rad(Bs) and rad2(Bs) is con-
tained in rad2(A).
Proof. By definition, the algebra Bs contains S(A), thus (a) is obvious.
To prove (b) one notes that Bs & rad(A) is a nilpotent ideal of Bs and that
Bs equals Bs & (S(A)rad(A))=S(A) (Bs & rad(A)). K
For the algebra Bs we fix now the maximal semisimple subalgebra
S(Bs) :=S(A).
For the following three lemmas, we need some more notation: Fix a
weight i and a primitive idempotent ei in B which is associated to the
weight i. By B(i) we denote the projective B-module B } ei and by A(i) we
denote the projective A-module AB B=(i). We choose a primitive idem-
potent fi in S(A) such that A(i) equals A } fi (it is here, where we use our
special choice of S(A)). By Bs(i) we mean the unique projective Bs -module
which is contained in A(i) (and generated by the idempotent f i). By defini-
tion, X(i) is the kernel of the projection A(i)  2(A, i).
If M is a module and m # M an element of this module, then we will
denote the image of m in a fixed quotient of M also by m.
Lemma 5.9. With notations as above the following assertion is true: The
collection of all n-arrows of B for all n1 is an S(A)-basis of the left
S(A)-module top(X(i)).
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Proof. Let ;1 , ..., ;l be these arrows. They define an epimorphism of
B-modules .=(;1 , ..., ;l): j>i B( j)nj  rad(B=(i)) (for integers nj # N0).
Tensor induction produces an epimorphism of A-modules
1.(1;1 , ..., 1;l): 
j>i
AB B( j)nj  AB rad(B=(i))=X(i).
Hence the arrows ;1 , ..., ;l generate top(X(i)). Assume that (after a suitable
reindexing) the elements ;1 , ..., ;m for some m # N give already a basis. In
particular, the map (1;1 , ..., 1;m) is surjective. Exactness of tensor
induction implies that also (;1 , ..., ;m) is surjective. Hence m must be equal
to l. K
Lemma 5.10. With notations as above the following assertion is true: The
S(A)-modules top(X(i)) and top(rad(Bs(i))) are isomorphic.
Proof. All 0-arrows which start in i are contained in B>(i), hence
rad(Bs(i)) is contained in X(i). But X(i) is generated by the n-arrows with
n1 and these arrows all lie in rad(Bs(i)), hence the assertion of the
lemma follows. K
Lemma 5.11. The projective Bs -module Bs } (ei& fi) which is contained in
AB B>(i)=A } (ei& fi) is a direct sum of indecomposable projective
Bs -modules Bs( j) ( for some weights j>i) in such a way that for each of
these summands Bs( j) the top is generated as an S(A)-module by elements
b } b , where b is a path in B which consists entirely of 0-arrows, and where
b runs through the n-arrows starting in j and satisfying n1.
Proof. The B-module B>(i) is generated by the 0-arrows which start in
i. Moreover, B>(i) is a quotient of a direct sum of indecomposable projec-
tive B-modules of weights strictly larger than i. Thus we can use induction
together with the previous lemma. K
As a consequence of the lemma we can choose a finite set of paths b+ in
B which all lie in rad(Bs) and which give an S(A)-basis of top(rad(Bs)). We
fix such a basis for the following.
We fix a decomposition of the left A-module A into indecomposable
direct summands which refines the decomposition
A=
i
(AB B=(i))
i
(AB B>(i)).
Each direct summand maps surjectively onto a Weyl module. The collec-
tion of these projections defines a projection , from A to a direct sum of
Weyl modules. We denote the kernel of , by X(A).
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Lemma 5.12. Let b be an element of B and s an element of S(A). Then
the product b } s can be written as + s+ } b++r where the elements b+ are
elements of the above basis, the elements s+ all lie in S(A), and the element
r lies both in rad(X(A)) and in rad2(Bs).
Proof. Write the product b } s as x+r where x lies in the S(A)-module
generated by the b+ and r is what remains. By definition r lies in Bs and
by the previous lemmas it satisfies the desired assertion. K
Lemma 5.13. With notations as above, the projective Bs -module
Bs(i)=Bs } fi (which is contained in AB B=(i)) is as an S(A)-module
generated by its subset B=(i). Hence the number of composition factors of
Bs(i) is less than or equal to the dimension dimk(B=(i)).
Proof. We show by (downwards) induction on n # N that elements of
the form s } b with s # S(A) and b # B=(i) generate the n th power
radn(Bs(i)). For large n this is trivially satisfied. Assume now that s0 } ;1 }
s1 } ;2 } s2 } } } } } ;m } sm is an element of radn(Bs(i)). Applying the previous
lemma several times, we can rewrite products ; } s as sums of products s } ;
plus radical elements. In this way we can shift the S(A)-elements sj to the
left and the B-elements bj to the right. The result is that we can write this
element as s } b+r such that s # S(A), b # B and r # radn+1(Bs(i)). By induc-
tion the assertion of the lemma follows. K
For the next lemma we fix a heredity chain (of maximal length) of
(A, ): Jn(A)/ } } } /Ji (A)/ } } } /J1(A)=A. Intersecting with B gives
(see theorem 4.2) a heredity chain of (B, ). Intersecting with Bs defines an
ideal chain of Bs : J j (Bs) :=Bs & Jj (A) (for each weight j).
Lemma 5.14. (a) The algebra (Bs , ) is directed and the ideal chain
Jn(Bs)/ } } } /Jj (Bs)/ } } } /J1(Bs)=Bs is a heredity chain of maximal
length of (Bs , ).
(b) For each weight j, all composition factors of the Bs -module Jj (Bs)
Jj+1(Bs) have weight j.
(c) For all weights i and j the number of composition factors of the
Bs -module (J j (Bs) & Bs(i))Jj+1(Bs) equals the multiplicity [B=(i): L(B, j)]
which in turn equals the multiplicity [A(i): 2(A, j)].
(d) For each weight i the number of composition factors of the projec-
tive Bs-module Bs(i) equals the number of composition factors of the
B-module B=(i).
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Proof. It is enough to prove assertion (c). This follows by induction on
i from the information we have already (for the induction step we use
Corollary 4.4). K
Now the theorem follows by applying Theorem 4.1 or Theorem 4.2.
6. STRONG EXACT BOREL SUBALGEBRAS AND ABSTRACT
KAZHDANLUSZTIG THEORY
If (A, ) is a quasi-hereditary algebra associated with a block of
category O or a generalized Schur algebra which has an exact Borel sub-
algebra, then the results of the previous sections yield the existence of
strong exact Borel subalgebras and of strong 2-subalgebras for (A, ). In
this section we show that the structure of these subalgebras isvia the
abstract KazhdanLusztig theory of Cline, Parshall, and Scott [10]
closely related to the KazhdanLusztig conjecture respectively the Lusztig
conjecture.
At first we have to introduce some more notation. Let (A, ) be a basic
quasi-hereditary algebra which is given by a quiver Q and relations. Let
i  j be an arrow in Q. Then by quasi-heredity we have either i< j or i> j.
In case 1< j we call i  j an upwards arrow, otherwise a downwards
arrow. The subalgebra of A generated by the vertices together with all
upwards arrows is denoted by A( A ), the subalgebra generated by the ver-
tices together with all downwards arrows is denoted by A( a ). These
algebras depend on the choice of Q, not only on A.
We also remind the reader of a notation used already in the previous sec-
tion (Definition 5.1): If B is a basic subalgebra of the algebra A and B is
given by a quiver and relations, then an arrow i  j of B (viewed as an ele-
ment of B) is called an n-arrow if and only if it is contained in radn(A), but
not in radn+1(A) (here rad0(A) equals by definition A itself).
Theorem 6.1. Let (A, ) be a quasi-hereditary algebra. Suppose that
(A, ) has a basic exact Borel subalgebra B which is given by a quiver and
relations. Then the following assertions are equivalent:
(1) The algebra (A, ) satisfies the following condition of abstract
KazhdanLusztig theory: (C) For all weights i and j of A, the canonical
homomorphism Ext1A(L(i), L( j))  Ext
1
A(2(i), L( j)) is surjective.
(2) All arrows of B are 0-arrows or 1-arrows.
(3) The basic algebra (A , ) of (A, ) has a presentation by quiver
and relations such that the subalgebra A ( A ) is a strong exact Borel sub-
algebra of (A , ).
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In the course of the proof we will see that the strong exact Borel sub-
algebra appearing in assertion (3) can be choosen to be the algebra Bs of
the previous section.
The importance of condition (C) lies in the role it plays in the abstract
KazhdanLusztig theory of Cline, Parshall, and Scott: If (A, ) is an
algebra to a block of category O respectively a generalized Schur algebra
which has an exact Borel subalgebra, then, by [10], condition (C) is
equivalent to the existence of an abstract KazhdanLusztig theory which in
turn is equivalentagain by [10], for generalized Schur algebras some
technical restrictions have to be imposedto the KazhdanLusztig conjec-
ture respectively the Lusztig conjecture. Hence the validity of these conjec-
tures is equivalent to the assertions in the theorem. Thus we have a sub-
algebra formulation of the KazhdanLusztig conjecture and also of the
Lusztig conjecture provided the existence of an exact Borel subalgebra is
known for the Schur algebra in question. We remind the reader of the fact
that KazhdanLusztig conjecture is a theorem whereas Lusztig conjecture
still is not fully proved.
We note that there are ring-theoretical formulations of condition (C).
They have been studied by Agoston, Dlab, and Lukacs [1, 2] (see also
Lemma 6.3).
Of course there is a dual result on 2-subalgebras.
Corollary 6.2. Let (A, ) be quasi-hereditary algebra. Suppose that
(A, ) has a basic 2-subalgebra C which is given by a quiver and relations.
Then the following assertions are equivalent:
(1) The algebra (A, ) satisfies the following condition of abstract
KazhdanLusztig theory: (CC) For all weights i and j of A, the canonical
homomorphism Ext1A(L(i), L( j))  Ext
1
A(L(i), {( j)) is surjective.
(2) All arrows of C are 0-arrows or 1-arrows.
(3) The basic algebra (A , ) of (A, ) has a presentation by quiver
and relations such that the subalgebra A ( a ) is a strong 2-subalgebra of
(A , ).
6.1. Proof of Theorem 6.1
The theorem will follow from two lemmas which we give now.
The first lemma is an easy special case of a more general result proved
by Agoston, Dlab, and Lukacs [2].
Lemma 6.3. Let (A, ) be a quasi-hereditary algebra. For each weight i
fix a projection A(i)  2(A, i) and denote its kernel by X(i). Then the
following two assertions are equivalent:
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(1) For all weights i and j of A, the canonical homomorphism
Ext1A(L(i), L( j))  Ext
1
A(2(i), L( j)) is surjective.
(2) For each weight i, the embedding X(i)/A(i) induces an embed-
ding top(X(i))/top(rad(A(i))).
Proof. Fix weights i and j and choose minimal projective resolutions of
L(i) and 2(A, i):
0  L(i)  A(i)  P  } } }
0  2(A, i)  A(i)  P$  } } }
Then the extension group Ext1A(L(i), L( j)) is isomorphic to HomA(P, L( j))
and Ext1A(2(A, i), L( j)) is isomorphic to HomA(P$, L( j)). The canonical
map 2(A, i)  L(i) induces a map between the two projective resolutions,
in particular a homomorphism :: P$  P. Condition (1) is equivalent to
saying that : is a split monomorphism. The latter assertion is equivalent to
(2), since P is the projective cover of rad(A(i)) and P$ is the projective
cover of X(i). K
Lemma 6.4. Let (A, ) be a quasi-hereditary algebra which satisfies the
condition:
(C) For all weights i and j of A, the canonical homomorphism
Ext1A(L(i), L( j))  Ext
1
A(2(i), L( j)) is surjective.
Suppose that (A, ) has an exact Borel subalgebra B which is basic and
given by quiver and relations as described in the previous section. Then all
arrows of B are 0-arrows or 1-arrows.
Proof. Fix a weight i and let ;1 , ..., ;s be the arrows which start in i and
which are n-arrows for n1. Choose the indexing in such a way that the
1-arrows are exactly the arrows ;1 , ..., ;r for some rs. These arrows
define a surjection
P1  } } } Ps ww
(;1, ..., ;s)
rad(B(i))
where the Pj are indecomposable projective B-modules. The following
diagram is commutative,
P1  } } } Ps rad(B(i))
(AB P1) } } }  (AB Ps) ww AB rad(B(i))
(where the vertical maps are B-homomorphisms of the form b [ 1b).
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As usual we fix a projection A(i)  2(A, i) and denote its kernel by X(i).
Then AB rad(B(i)) is isomorphic to X(i)Q where Q is a projective
A-module whose indecomposable direct summands have weights strictly
larger than i. The previous lemma shows that AB P1  } } } AB Pr
still maps surjectively onto X(i)Q, since the image of ABPr+1 
} } } AB Ps is contained in rad(X(i))rad(Q). Exactness of tensor
induction (AB &) now shows that also the map P1  } } } Pr
 rad(B(i)) must be surjective. This shows that r equals s. K
This lemma proves the implication (1) O (2) in the theorem. The
implication (2) O (3) follows directly from the construction of the
strong exact Borel subalgebra Bs in the previous section. The implication
(3) O (1) is an application of Lemma 6.3. This finishes the proof of the
theorem.
7. EXAMPLES
In the examples we will define algebras by quiver and relations. Our con-
vention for multiplying arrows is the following: The non-trivial product or
the arrows j  h and i  j is written as ( j  h) } (i  j).
The first example is a quasi-hereditary algebra which does not have an
exact Borel subalgebra, but satisfies the conditions of abstract
KazhdanLusztig theory (this example has already been used in [19]).
We define A to be the algebra given by the following quiver:
Here the ordering of the weights is 1<2<3<4.
The Weyl modules associated to the weights 1, 2, and 3 are simple;
the Weyl module 2(4) has length 2 and simple socle of weight 3. Now we
give the composition series of the indecomposable projective A-modules,
their Loewy lengths, and the projective dimensions of their simple top
factors:
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The algebra (A, ) does not have an exact Borel subalgebra.
The second example is a Schur algebra without Lusztig conjecture. It
does not satisfy the condition (C) in Theorem 6.1. Actually, it has a strong
exact Borel subalgebra, but this subalgebra is not generated by the arrows
i  j with j>i. In this example 2-arrows really occur.
Up to Morita equivalence the classical Schur algebra A=Sk(2, 4) is the
following algebra of matrices:
a b b b b c c c c c c
d e f f f g g h h h g
d f e f f g h g g h h
d f f e f h g g h g h
d f f f e h h h g g g
A= i j j l l m n n n p n : a, b, c, d, e, f, g, h, i, j, l, m, n, p # k .
i j l j l n m n p n n
i l j j l n n m n n p
i l j l j n p n m n n
i l l l j p n n n m n
i j l l j n n p n n m
We choose a field of characteristic 2. Then the basic algebra of A is given
by the following quiver:
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Now we give the composition series of indecomposable projective
A-modules, their Loewy lengths, and the projective dimensions of their
simple top factors:
Ordering the weights by 1<2<3 we get a quasi hereditary algebra (A, )
which has a strong exact Borel subalgebra B and a strong 2-subalgebra C:
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This algebra (A, ) does not satisfy the conditions in Theorem 6.1. For
example, Ext1A(2(A, 2), L(3)) is not zero, but Ext
1
A(L(2), L(3)) equals zero.
Both subalgebras B and C contain 2-arrows.
The third-example shows that tensor induction from a strong exact Borel
subalgebra to a quasi-hereditary algebra need not preserve representation
type: Here, the algebra, A has finite representation type, whereas the sub-
algebra B has infinite representation type.
The algebra A is hereditary of Dynkin type D4 :
A={\
a
0
0
0
0
d
0
0
b
e
g
0
c
f
h
i+ : a, b, c, d, e, f, g, h, i # k=
This algebra A is quasi-hereditary with the ordering of weights
1<2<3<4. The Weyl modules 2(1), 2(3) and 2(4) are simple, whereas
the Weyl module 2(2) has length 2 and simple radical of weight 1. This
algebra (A, ) has the following strong exact Borel subalgebra which is
again hereditary:
B={\
a
0
0
0
0
d
0
0
b
e
g
0
c
f
0
i+ : a, b, c, d, e, f, g, h, i # k=
Thus A has finite representation type whereas B has infinite type.
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The fourth example shows that tensor induction from B-modules need
not produce all 2-good A-modules.
The algebra A is given by the quiver
The algebra (A, ) is quasi-hereditary if, we order the weights as
follows: a>b>c. The Weyl modules 2(b) and 2(c) are simple, the Weyl
module 2(a) is projective.
Now we give composition series and Loewy lengths of indecomposable
projective A-modules and projective dimensions of their simple tops:
Hence, the global dimension of A is 2.
The algebra (A, ) has a strong exact Borel subalgebra which is
hereditary and given by the following quiver:
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There exists an indecomposable A-module N which is an extension of the
form 0  2(a)  N  L(c)  0. This module N is 2-good and appears as
follows:
By inducing the six indecomposable B-modules one checks that there
is no B-module X which satisfies AB X&N. Hence not all 2-good
A-modules are produced by tensor-inducing B-modules.
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